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1
$N:\mathbb{C}^{n}arrow \mathbb{C}^{n}$ $S_{N}$ Flags $(\mathbb{C}^{n})$
$S_{N}=$ $\{V.$ $\in Flags(\mathbb{C}^{n})|NV_{i}\subseteq V_{i}$ for all $1\leq i\leq n\}$
$\dim_{\mathbb{C}}V_{i}=i$ $0\subset V_{1}\subset V_{2}\subset\cdots\subset V_{n-1}\subset V_{n}=\mathbb{C}^{n}$
$N$ $(\lambda_{1}, \ldots, \lambda_{q})$
$S_{N}$ $(\lambda_{1}, \ldots, \lambda_{q})$ $g\in GL_{n}(\mathbb{C})$
( ) :
$S_{N}\cong S_{gNg}-1;[x]\mapsto[gx]$
$[x]$ Flags $(\mathbb{C}^{n})$ $GL_{n}(\mathbb{C})/B$ ( $B$ $GL_{n}(\mathbb{C})$ ) $x\in GL_{n}(\mathbb{C})$
$N$
$S^{1}$ $\{(g^{n}, g^{n-1}, \ldots, g)|g\in \mathbb{C}, |g|=1\}$ $n$ $T^{n}$
$S_{N}$ $T^{n}$
$S^{1}$
$(n-k, k)$ $S^{1}$ -
$10\leq k\leq n/2$ $S_{N}$ $(n-k, k)$ $(n-k, k)$
$S_{N}$ $S^{1}$ -
$H_{s^{1}}^{*}(S_{N};\mathbb{C})\cong \mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I$
$H_{s^{1}}^{*}(pt;\mathbb{C})=\mathbb{C}[t],$ $I$ 3 $\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]$
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$\sum_{1\leq i\leq n}\tau_{i}-\frac{n(n+1)}{2}t,$
$(\tau_{i}+\tau_{i+1}-(n+k+1-i)t)(\tau_{i}-\tau_{i+1}-t) (1\leq\iota\leq n)$ ,
$\prod_{1\leq j\leq k+1}(\tau_{i_{j}}-(n+j-i_{j})t) (1\leq i_{1}<\cdots<i_{k+1}\leq n)$ .
$\tau_{n+1}=0$
1 $t=0$ $(n-k, k)$
1 $(n-k, k)$ $S_{N}$
$H^{*}(@_{N};\mathbb{C})\cong \mathbb{C}[\tau_{1}, \ldots, \tau_{n}]/J$
$J$ 3 $\mathbb{C}[\tau_{1}, \ldots, \tau_{n}]$
$\sum_{1\leq i\leq n}\tau_{i},$
$\tau_{i}^{2} (1\leq i\leq n)$ ,
$\prod_{1\leq j\leq k+1}\tau_{i_{j}} (1\leq i_{1}<\cdots<i_{k+1}\leq n)$ .
2
1
[2] ([2]
)
$\lambda$ $\lambda$ $T$ $\lambda$ 1 $n$ 1
$n$ $\lambda$ $T$ $\lambda$
$n$
$(a, b)$ $T$ $T$ 3
:
$(i)a<b,$
(ii) $b$ $a$
(iii) $a$ $c$ $b<c$
2 ([2]) $N$ $\mathbb{C}^{n}$ $\lambda_{N}$
$S_{N}$ :
$B_{2i+1}=0,$
$B_{2i}=|$ { $\lambda_{N}$ $T|T$ $i$ } $|.$
$B_{j}$ $j$ $S_{N}$
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1 $\lambda_{N}=(n-1,1)$ $\lambda_{N}$ $n$ :
$\frac{ _{}1T3n}{\fbox_{2}},\frac{12n}{\bigcup_{3}}$ $\cdots$ $\frac{\ovalbox{\tt\small REJECT}}{\cup n}12n-1$
1 $(1, 2)$ , $(2, 3)$ , $\ldots,$ $(n-1, n)$
$(n-1,1)$ $B_{0}=1,$ $B_{2}=n-1,$ $B_{2i}=0(i\geq 2)$
2 $\lambda_{N}=(n-2,2)$ $\lambda_{N}$ $(\begin{array}{l}n2\end{array})$ :
$\frac{23n}{\overline{\frac {}{}14}}$
,
,
$\cdots$
, , ,
$\cdots$
, ,
$\cdots$ $\frac{\ovalbox{\tt\small REJECT}}{\underline{n-1}1^{\underline{n}}}12n-2$
1 2
1 3
2 $(n-2,2)$ $B_{0}=1,$ $B_{2}=n-1,$ $B_{4}= \frac{n(n-3)}{2}$
, $B_{2i}=0(i\geq 3)$
1 $(n-k, k)$ :
$B_{2i}=f^{(n-i,i)}$ $(0\leq i\leq k)$ ,
$B_{2i}=0$ $(i>k)$ .
$f^{(n-i,i)}$ Vf $(n-i, i)$ (
)
1 2
$\mathcal{T}_{\lambda,i}=$ { $\lambda$ $T|T$ $i$ }
1
$\mathcal{T}_{(n-i,i),i}=$ { $(n-i, i)$ }
2
$\mathcal{T}_{(n-i,i),i}arrow \mathcal{T}_{(n-(i+1),i+1),i}arrow\cdotsarrow \mathcal{T}_{(n-k,k),i}$
$i<k$
1 $\mathcal{T}_{(n-i,i),i}\subseteq$ { $(n-i, i)$ }, $\mathcal{T}_{(n-i,i),i}\supseteq$ { $(n-i, i)$ }
2 $\mathcal{T}_{(n-j,j),i}$ $\mathcal{T}_{(n-(j+1),j+1),i}(i\leq j\leq k-1)$
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3 1
1 1
$H_{T^{n}}^{*}(Flags( \mathbb{C}^{n});\mathbb{C})\underline{\iota_{1}}H_{T^{n}}^{*}(Flags(\mathbb{C}^{n})^{T^{n}};\mathbb{C})=\bigoplus_{w\in Flags(\mathbb{C}^{n})^{T^{n}}=S_{n}}\mathbb{C}[t_{1}, \ldots, t_{n}]$
$\pi_{1}\downarrow \pi_{2}\downarrow$
$H_{s^{1}}^{*}(S_{N}; \mathbb{C}) \underline{\iota_{2}} H_{S^{1}}^{*}(S_{N}^{S^{1}};\mathbb{C})=\bigoplus_{w\in S_{N}^{s^{1}}\subset S_{n}}\mathbb{C}[t]$
$t_{1},$
$\ldots,$
$t_{n},$ $t$ 2
Flags $(\mathbb{C}^{n})^{T^{n}}=\{<e_{w(1)}>\subset<e_{w(1)}, e_{w(2)}>\subset\cdots\subset<e_{w(1)}, e_{w(2)}, \ldots, e_{w(n)}>=\mathbb{C}^{n}|w\in S_{n}\}$
$(e_{1}, e_{2}, \ldots, e_{n} \mathbb{C}^{n} S_{n} n )$ Flags $(\mathbb{C}^{n})^{T^{n}}$ $S_{n}$
Flags $(\mathbb{C}^{n})^{s^{1}}=Flags(\mathbb{C}^{n})^{T^{n}}$ $S_{N}^{S^{1}}=S_{N}\cap Fla9^{S(\mathbb{C}^{n})^{S^{1}}}=S_{N}\cap Flags(\mathbb{C}^{n})^{T^{n}}\subset S_{n}$
Flags $(\mathbb{C}^{n})$ $S_{N}$ $\iota_{1}$ $\iota_{2}$
2
$H_{T^{n}}^{*}(Flags(\mathbb{C}^{n});\mathbb{C})\cong \mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t_{1}, \ldots, t_{n}]/(e_{i}(\tau)-e_{i}(t), 1\leq i\leq n)$
$H_{T^{n}}^{*}(pt;\mathbb{C})=\mathbb{C}[t_{1}, \ldots, t_{n}],$ $e_{i}(\tau)$ (resp. $e_{i}(t)$ ) $\tau_{1},$ $\ldots,$ $\tau_{n}$ $(resp. t_{1}, \ldots, t_{n})$ $i$
$\tau_{i},$ $t_{i}$ 2
2
$\iota_{1}(\tau_{i})|_{w}=t_{w(i)}, \iota_{1}(t_{i})|_{w}=t_{i}, \pi_{2}(t_{i})=(n+1-i)t$
$\iota_{2}\circ\pi_{1}(\tau_{i})|_{w}=(n+1-w(i))t, \iota_{2}\circ\pi_{1}(t_{i})|_{w}=(n+1-i)t$
$f \in\bigoplus_{w\in S_{n}}\mathbb{C}[t_{1}, \ldots, t_{n}]$
$f|_{w}$ $f$ $w$
${\rm Im}(\iota_{2}\circ\pi_{1})$ $\iota_{2}\circ\pi_{1}(\tau_{i}),$ $\iota_{2}\circ\pi_{1}(t_{n})$ $\iota_{2}\circ\pi_{1}(\tau_{i})$
$\tau_{i}$ $\iota_{2}\circ\pi_{1}(t_{n})$ $t$
$I$ :
$\sum_{1\leq i\leq n}\tau_{i}-\frac{n(n+1)}{2}t=0,$
$(\tau_{i}+\tau_{i+1}-(n+k+1-i)t)(\tau_{i}-\tau_{i+1}-t)=0 (1\leq i\leq n)$ ,
$\prod_{1\leq j\leq k+1}(\tau_{i_{j}}-(n+j-i_{j})t)=0 (1\leq i_{1}<\cdots<i_{k+1}\leq n)$ .
$\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I$ ${\rm Im}(\iota_{2}\circ\pi_{1})\cong{\rm Im}\pi_{1}$
$\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I$ $\mathbb{C}$
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$0\leq i\leq k$ $T_{i}$ $(n-i, i)$ 2 $j_{1},$ $j_{2}$
, . . . , $\tau\tau_{:}=\mathcal{T}j_{1}j_{2}\cdots j_{:}$ $\tau\tau_{0}=1$
3 $i$ $\geq$ $0$ $\{t^{i-\ell}$ . $\tau\tau_{\ell}$ $0$ $\leq$ $\ell$ $\leq$ $\min\{k,$ $i\}$ , $(n-\ell, \ell)$ $\}$
$(\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I)_{i}$ $\mathbb{C}$ $(\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I)_{i}$ $\mathbb{C}[\tau_{1},$
$\ldots,$
$\tau_{n},$ $t]/I$ $2i$
$\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I$ ${\rm Im}(\iota_{2}\circ\pi_{1})\cong{\rm Im}\pi_{1}$ 3
${\rm Im}(\iota_{2}0\pi_{1})\cong{\rm Im}\pi_{1}$
4 ${\rm Im}(\iota_{2}\circ\pi_{1})$ $t^{k-\ell}\cdot\tau_{T_{l}}$ $(0\leq\ell\leq k, (n-\ell, \ell)$ ) $\mathbb{C}$ 1
3 4 $({\rm Im}(\iota_{2}\circ\pi_{1}))_{i}$ $(\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I)_{i}$
$({\rm Im}(\iota_{2}\circ\pi_{1}))_{i}$ ${\rm Im}(\iota_{2}\circ\pi_{1})$ $2i$ $0\leq i\leq k$ 4
$({\rm Im}(\iota_{2}\circ\pi_{1}))_{i}$ $\Sigma_{0\leq\ell\leq i}f^{(n-\ell,\ell)}$
$\iota$ $\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I$ ${\rm Im}(\iota_{2}0\pi_{1})$
$(\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I)_{i}$ $\dim({\rm Im}(\iota_{2}0\pi_{1}))_{i}=\Sigma_{0\leq\ell\leq\iota f^{(n-\ell,\ell)}}$
3 $(\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I)_{i}$ $\Sigma_{0\leq\ell\leq i}f^{(n-\ell,\ell)}$ $(\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I)_{i}$
$\Sigma_{0\leq\ell\leq i}f^{(n-\ell,\ell)}$ $i>k$ $({\rm Im}(\iota_{2}\circ\pi_{1}))_{i}$ $(\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I)_{i}$
$\Sigma_{0\leq\ell\leq k}f^{(n-\ell,\ell)}$ $\mathbb{C}[\tau_{1}, \ldots, \tau_{n}, t]/I$ ${\rm Im}(\iota_{2}\circ\pi_{1})\cong{\rm Im}\pi_{1}$
$\pi_{1}$ $(k=0,1,2 [1] )$ 2
$S_{N}$
$\mathbb{C}[t]$
$H_{S^{1}}^{*}(S_{N};\mathbb{C})\cong \mathbb{C}[t]\otimes H^{*}(@_{N};\mathbb{C})$ ( $\mathbb{C}$ )
1
$\dim H_{S^{1}}^{2i}(S_{N};\mathbb{C})=\sum_{0\leq\ell\leq i}\dim H^{2\ell}(S_{N;}\mathbb{C})=\sum_{0\leq\ell\leq\min\{i,k\}}f^{(n-\ell,\ell)}.$
${\rm Im}\pi_{1}$ $i$ ${\rm Im}\pi_{1}=H_{S^{1}}^{*}(S_{N};\mathbb{C})$
1
[1] B. Dewitt and M. Harada, Poset pinball, highest forms, and $(n-2,2)$ Springer varieties,
arXiv: 1012. $5265v2.$
[2] J. S. Tymoczko. Linear conditions imposed on flag varieties. Amer. J. Math., $128(6):1587-1604$ , 2006.
88
